We prove that among all (2m − 1)-dimensional flag normal pseudomanifolds on n vertices, the join of m circles of as equal length as possible is the unique maximizer of the edge number.
and γ-numbers are maximized by J m (n) as long as the number of vertices is large enough. More recently, Zheng [13] proved the flag upper bound conjecture for all 3-dimensional flag simplicial manifolds. The same upper bound also holds for all 3-dimensional flag Eulerian complexes.
In this manuscript, we extend the technique used in [13] (namely, an application of the inclusionexclusion principle) and prove the upper bound conjecture on the edge numbers of all odd-dimensional flag pseudomanifolds. This solves the first nontrivial case of Problem 17 in [2] , which inquires whether f 1 (∆) ≤ f 1 (J m (n)) holds for any odd-dimensional flag pseudomanifold ∆. Furthermore, we show that for a fixed odd dimension and with a fixed number of vertices, the maximizer of the edge number is unique in the class of flag normal pseudomanifolds, i.e., the Nevo-Lutz conjecture holds for f 1 .
In [5] , Gal not only proposed the well-known real rootedness conjecture, but also conjectured that if ∆ is a flag simplicial 3-sphere with n vertices and f 1 (∆) > n 2 4 + n 2 + 4, then ∆ is the join of two cycles. Adamaszek and Hladký [1] verified this conjecture in the class of flag 3-manifolds with sufficiently many vertices. In this manuscript we also show that for flag normal 3-pseudomanifolds with n vertices, f 1 ≥ n 2 4 + 19 20 n. The structure of this manuscript is as follows. Section 2 contains basic definitions and properties related to simplicial complexes and flag complexes. In Section 3, we prove the upper bounds on edge numbers for all odd-dimensional flag pseudomanifolds and characterize the maximizer of the edge numbers in the class of odd-dimensional flag normal pseudomanifolds. Finally in Section 4 we discuss a conjecture of Gal as mentioned above.
Preliminaries
A simplicial complex ∆ on a vertex set V = V (∆) is a collection of subsets σ ⊆ V , called faces, that is closed under inclusion. For σ ∈ ∆, let dim σ := |σ| − 1 and define the dimension of ∆, dim ∆, as the maximal dimension of its faces. A facet in ∆ is a maximal face under inclusion, and we say that ∆ is pure if all of its facets have the same dimension. We denote by · ∪ the disjoint union of sets.
For
If ∆ is a simplicial complex and σ is a face of ∆, the link of σ in ∆ is lk(σ, ∆) := {τ − σ ∈ ∆ : σ ⊆ τ ∈ ∆}, and the star of σ in ∆ is st(σ, ∆) := {τ ∈ ∆ : σ ∪ τ ∈ ∆}. When the context is clear, we will abbreviate the notation and write them as lk(σ) and st(σ) respectively. The deletion of a vertex set W from ∆ is ∆\W := {σ ∈ ∆ : σ ∩ W = ∅}. The restriction of ∆ to a vertex set W is defined as ∆[W ] := {σ ∈ ∆ : σ ⊆ W }. If ∆ and Γ are two simplicial complexes on disjoint vertex sets, then the join of ∆ and Γ, denoted as ∆ * Γ, is the simplicial complex on vertex set V (∆) · ∪ V (Γ) whose faces are {σ ∪ τ : σ ∈ ∆, τ ∈ Γ}.
A simplicial complex ∆ is a simplicial manifold (resp. simplicial sphere) if the geometric realization of ∆ is homeomorphic to a manifold (resp. sphere). A (d − 1)-dimensional simplicial complex ∆ is called a (d − 1)-pseudomanifold if it is pure and every (d − 2)-face (called ridge) of ∆ is contained in exactly two facets. A (d − 1)-pseudomanifold ∆ is called a normal (d − 1)-pseudomanifold if it is connected, and the link of each face of dimension at most d − 3 is also connected. Every normal 2-pseudomanifold is a simplicial 2-manifold. However, for d > 3, the class of normal (d− 1)-pseudomanifolds is much larger than the class of simplicial (d− 1)-manifolds. Also the family of pseudomanifolds (normal pseudomanifolds, resp.) is closed under taking links.
A simplicial complex ∆ is flag if all minimal non-faces of ∆, also called missing faces, have cardinality two; equivalently, ∆ is the clique complex of its graph. A crucial property of flag complexes is described in the following lemma.
Lemma 2.1. Let ∆ be a flag complex on vertex set V .
In particular, all links in a flag complex are also flag.
Any edge
{v, v ′ } in ∆ satisfies the link condition lk(v) ∩ lk(v ′ ) = lk({v, v ′ }). More generally, any face σ = σ 1 ∪ σ 2 in ∆ satisfies lk(σ) = lk(σ 1 ) ∩ lk(σ 2 ).
Proof:
The first two claims are essentially Lemma 5.2 in [11] . We prove the last claim. If
. Every vertex of τ is connected to every vertex in σ 1 and σ 2 . Also since σ = σ 1 ∪ σ 2 is a face of ∆, the complete graph on V (τ ) · ∪ V (σ) is a subgraph of G(∆). So ∆ is flag implies that σ ∪ τ forms a face of ∆, i.e., τ ∈ lk(σ). Hence lk(σ 1 ) ∩ lk(σ 2 ) ⊆ lk(σ). 
Proof of the main theorem
The goal of this section is to prove the upper bound conjecture on the edge numbers of all flag odd dimensional pseudomanifolds. Let ∆ be a flag (d − 1)-dimensional pseudomanifold. Our strategy is to use the inclusion-exclusion principle to give an upper bound on v∈σ f 0 (lk(v)), where σ is a facet of ∆, and then use this result to obtain an upper bound of f 1 (∆). We begin with a generalization of Lemmas 5.2 and 5.3 in [13] .
Lemma 3.1. Let ∆ be a flag (d − 1)-pseudomanifold with n vertices and let σ be a facet of ∆.
) denote the vertex sets of the links of (d − 3)-faces of σ. By Lemma 2.1, the intersection of V i and V j is either the empty set, or the link of a ridge, which is the disjoint union of two vertices (since ∆ is a pseudomanifold). Hence by the inclusion-exclusion principle,
In the following, let ∆ be a flag (2m − 1)-pseudomanifold on n vertices, σ a facet of ∆, and τ a (k−1)-face in σ, where k ≤ 2m−3. We denote by W τ the set of vertices in ∆ connected to τ but not connected to any vertices in σ\τ . Define a k := τ ⊂σ,|τ |=k f 0 (lk(τ )) and
To give an explicit formula of a k in terms of a 2m−2 and b i 's, we need the following identity.
Substituting x = 1 in both sides of the identity
Hence the left hand side of the above equation equals
Proof: Since ∆ is flag, the link lk(τ ) is the induced subcomplex of ∆ on V (lk(τ )). It follows that
. By the inclusion-exclusion principle,
Take the sum over all (k − 1)-faces in σ to obtain that
First note that the general formula of a k holds for k = 2m − 2. Assume that the formula holds for all a i with 2m − 2 ≥ i > k. We compute a k . By induction and Lemma 3.2, the coefficient of
Next we consider the constant term in a 2m−2 . Since ∆ is a pseudomanifold, every ridge is contained in exactly two facets, and hence a 2m−1 = 2m 2m−1 · 2 = 4m. We use the fact that
along with our inductive hypothesis and Lemma 3.2 to obtain that
Finally, denote by c k the remaining terms in a k , which consists of a linear combination of b i . By induction,
This finishes proving the claim.
We are now ready to estimate v∈σ f 0 (lk(v)) using the above lemma. 
for any face τ ⊂ σ with |σ\τ | ≥ 3;
• ∪ δ⊂σ,|δ|=2m−2 V (lk(δ)) = V (∆).
Proof: By the inclusion-exclusion principle,
Here in (*) we use Lemma 3.3 and in (**) we use Lemma 3.1. Note that all W τ are disjoint vertex sets for different faces τ ⊂ σ. Hence
So we conclude that
When equality holds, we must have that
for any face τ ⊂ σ with |σ\τ | ≥ 3. 
Proof: By Lemma 3.4, v∈σ f 0 (lk(v)) ≤ 2(m − 1)n + 4m for any facet σ of ∆. Hence
Using the constraints that v∈∆ f 0 (lk(v)) = 2f 1 (∆) and v∈∆ f 2m−2 (lk(v)) = 2m · f 2m−1 (∆), and applying the Lagrange multiplier method, we infer that the RHS of (3.2) takes its minimum when
After simplifying the above equation we conclude that J m (n) ). However, we will show that the maximizer of the edge number is unique for odd-dimensional flag normal pseudomanifolds. The following lemma gives a sufficient condition for a flag 2-sphere to be a suspension of a circle. For simplicity of notation, we write the edge link lk({u, v}) as lk(uv). 
Proof:
Let σ = {u, v, w} be a facet of ∆ and let {u, u ′ }, {v, v ′ } and {w, w ′ } be the vertices of lk(vw), lk(uw), lk(uv) respectively. Since ∆ is flag, the intersection of the stars of two adjacent vertices in ∆ must be the union of two 2-faces. Hence ∪ a∈σ st(a) is a triangulated 2-ball and its boundary C contains the vertices u ′ , v ′ , w ′ . We write C as the union of three paths P u = lk(u) ∩ C, P v = lk(v) ∩ C and P w = lk(w) ∩ C. Also denote by P u \∂P u the path obtained from P u by removing its endpoints (P u \∂P u can be a singleton or the emptyset).
If C is a 3-cycle, then {u ′ , v ′ , w ′ } ∈ ∆ and ∆ is the octahedral sphere. Otherwise, at least one of P u , P v , P w , say P u , has more than two vertices. Since ∪ a∈σ V (lk(a)) = ∪ a∈{u ′ ,v,w} V (lk(a)) = V (∆), it follows that u ′ is connected to every vertex in P u \∂P u . Also every vertex link in ∆ is the induced subcomplex on its vertices, so
Hence both lk(v ′ ) and lk(w ′ ) must be 4-cycles. However, from ∪ a∈{v ′ ,u,w} V (lk(a)) = V (∆) it follows that v ′ is connected to every vertex in P v \∂P v . So P v \∂P v = ∅ and lk(v) is a 4-cycle. Similarly lk(w) is also a 4-cycle. This implies that ∆ is the suspension of the circle lk(u). 
Next assume the claim holds for all flag normal (2m − 1)-pseudomanifolds with 2 ≤ m < k and we let m = k. For any edge e ⊂ σ, since ∪ δ⊂σ,|δ|=2k−2 V (lk(δ)) = V (∆), we obtain that
Fix the facet σ\e in lk(e). If τ is a (2k − 6)-face in σ\e, then lk(τ, lk(e)) = lk(τ ∪ e, ∆) is the suspension of a circle. Hence by the inductive hypothesis, the link lk(e) is the join of k − 1 circles. If n = 4k, then ∆ is the join of k 4-cycles. Otherwise if n > 4k, then choose an edge e 0 in lk(τ ′ ), where τ ′ is a (2k − 3)-face of ∆ whose link has the maximum number of vertices. Since ∆ = J k (4k), f 0 (lk(τ ′ )) > 4. Furthermore, the above argument shows that lk(e 0 ) = C 1 * C 2 * · · · * C k−1 . Now choose one edge e i from each C i and form a facet τ = ∪
i=1 e i , then δ\e 0 is a (2k − 4)-face whose link is the suspension of a circle. Since lk(τ \e 0 ) is a circle of length > 4, it follows that lk(δ) must be a 4-cycle. Also when e 0 ⊂ δ, the link lk(δ) = lk(δ\e 0 , lk(e 0 )) is always a 4-cycle, except perhaps for δ = τ \e i , i = 1, 2, · · · , k − 1. Hence by Lemma 3.1 and ∪ δ∈σ,|δ|=2m−2 V (lk(δ)) = V (∆),
). Thus by Lemma 2.2, ∆ is the join of the circles lk(τ \e i ), 0 ≤ i ≤ k − 1.
The above two lemmas immediately imply the following theorem. 
Flag normal 3-pseudomanifolds with many edges
In [5] , Gal conjectured that if ∆ is a flag simplicial 3-sphere on n vertices such that f 1 (∆) > 1 4 (n 2 + 2n + 16), then ∆ is the join of two circles. This conjecture is optimal; consider the flag 3-sphere Γ obtained by taking the join of a ( n 2 − 1)-cycle and a n 2 -cycle and subdividing an edge whose link is the 4-cycle. Then Γ is not the join of two circles, and f 1 (Γ) = Proof: By Lemma 3.1, e⊂σ f 0 (lk(e)) ≤ n + 16. Since f 0 (lk(e 1 )) + f 0 (lk(e 2 )) = n and since each edge link in ∆ has at least 4 vertices, it follows any lk(e), where e ⊂ σ, e = e 1 , e 2 must be a 4-cycle. If e 1 ∩ e 2 is a vertex v, then
Hence ∆ is the suspension of lk(v) and V (lk(e 1 ))∪V (lk(e 2 )) = V (lk(v)). Let v i = e i \{v} for i = 1, 2. Then the subcomplex lk(v)\{v 1 , v 2 } in lk(v) is flag and it has no interior vertices, so it must be a triangulated 2-ball. Hence lk(v) is the union of two 2-balls lk(v)\{v 1 , v 2 } and ∪ 2 i=1 st(v i , lk(v))) glued along their common boundary, and thus it is a triangulated 2-sphere.
Otherwise if e 1 , e 2 are disjoint, then let e ′ ∈ lk(e 1 ). Since V (lk(e ′ )) and V (lk(e 1 )) are disjoint and lk(e 2 ) is the induced subcomplex on V (lk(e 2 )) = V (∆) − V (lk(e 1 )), it follows that lk(e ′ ) = lk(e 2 ). Hence the normal pseudomanfold ∆ contains the 3-dimensional sphere lk(e 1 ) * lk(e 2 ) as a subcomplex, which implies that ∆ = lk(e 1 ) * lk(e 2 ). 
Proof:
From Lemma 3.4 we see that
, then there exists a vertex w in ∆ not connected to any v i . Hence w / ∈ ∪ e⊂σ j V (lk(e)) for any j = 0, . . . , 4. This implies that m σ 0 ≤ 2n + 6 and m σ j ≤ 2n + 7 for 1 ≤ j ≤ 4, i.e., M σ 0 ≤ 10n + 34.
Otherwise if
, without loss of generality we assume that there exists a vertex w in ∆ connected to v 1 but not to v 2 , v 3 , v 4 . Then w / ∈ ∪ e⊂σ i V (lk(e)) for i = 0, 1 and hence m σ 0 , m σ 1 ≤ 2n + 7. So we have M σ 0 ≤ 10n + 38.
Finally consider the case m σ 0 = 2n + 8. If at least three of lk(v i ), v i ∈ σ, are the suspensions of circles, then at least four of the links lk(e), e ⊂ σ, are 4-cycles. It follows that there exists two edges e 1 , e 2 in σ such that f 0 (lk(e 1 )) + f 0 (lk(e 2 )) = (n + 16) − 4 · 4 = n. Hence by Lemma 4.1, ∆ must be the suspension of a flag 2-sphere. Otherwise at least two of lk(v i ), say lk(v 1 ) and lk(v 2 ), are not the suspension of circles. Since ∪ w∈σ\v i V (lk(w)) ⊃ ∪ e⊂σ V (lk(e)) = V (∆) for any i, it follows from the link condition that ∪ w∈σ\v i V (lk(wv i )) = V (lk(v i )). Let P i,v 1 = lk(v 1 v i )\σ for i = 2, 3, 4. As shown in the proof of Lemma 3.6, at least two of lk(u i v 1 ) (i = 2, 3, 4) are 4-cycles. Hence at least one vertex u i is not connected to some vertex a in P i,v 1 \∂P i,v 1 . In particular, a / ∈ ∪ e⊂σ i V (lk(e)). Similarly, in lk(v 2 ) at least one vertex u j is not connected to some vertex b in P j,v 2 and b / ∈ ∪ e∈σ j V (lk(e)). Note that a ∈ lk(v 1 v i ), b ∈ lk(v 2 v j ), but a, b are not in the remaining five edge links respectively. Hence either a = b, i = 2 and j = 1, or a = b. In both cases, M σ 0 ≤ 5(2n + 8) − 2. 
Assume that ∆ is not the join of two cycles. We want to show that f 1 (∆) ≤ 
